We investigate analyticity of joint spectra of Am-valued holomorphic mappings, where A denotes a complex Banach algebra. We show also that if K is an analytic set-valued function whose values are compact subsets of Cn and d is the transfinite diameter in Cn, then the upper-semicontinuous regularization of logd(X) is plurisubharmonic. Moreover, we give higher dimensional extensions of Aupetit's Scarcity Theorem.
Introduction.
Analytic functions whose values are compact subsets of the plane were introduced by Oka [9] in 1934. He defined them by means of pseudoconcavity. Afterwards they were practically forgotten for nearly fifty years. In 1980, Slodkowski [15] proposed a different definition of analytic set-valued functions using plurisubharmonic functions. This new definition was equivalent to the old one in the case of functions with values contained in C and was suitable for higher dimensions. Moreover it was much more flexible. The publication of [15] seems to have been the turning point in the history of analytic set-valued (or multivalued) functions. In the 1980's numerous articles dealing with this topic have already appeared. They were written by various authors including Alexander, Aupetit, Ransford, Slodkowski, Vesentini, Wermer, Zemanek and Zraibi. Ransford's dissertation [10] is an excellent survey article that also contains plenty of new results.
Analytic set-valued functions are very useful in spectral theory. A deep result proved in [15] says that if / is a holomorphic function with values in a Banach algebra, then the spectrum of f(z) is an analytic set-valued function with respect to z. (Moreover every analytic set-valued function with values contained in C is locally of this form (see [15] for details).)
In our first theorem we prove a similar property for joint spectra.
Let A be a complex Banach algebra with unit e. Following Harte [4] we define for a = (ai, Throughout the paper " will denote the polynomially convex hull. THEOREM 1. Let fi be an open subset of Cn and let A be a complex Banach algebra with unit. Let f = (/i,..., fm) : fi -> Am be a holomorphic mapping such that {fi(z),..., fm(z)} is a commuting system of elements for each z G fi. Then z -> èA(f(z)) is an analytic set-valued function on fi. Furthermore, if A is commutative, then z -> oA(f(z)) is analytic.
This theorem together with the maximum principle for analytic set-valued functions (see e.g. [10] ) implies the maximum principle for the polynomially convex hulls of joint spectra proved by Vesentini [18, Theorem I] .
Yamaguchi [20] has proved that if 2r ->■ K(z) is an analytic set-valued function with values in CompC, then z -> logc(.fiT (2) ) is plurisubharmonic (where c =logarithmic capacity=Fekete's transfinite diameter). In the next theorem we show that this result can be generalized for analytic functions with values in Comp Cm provided that Fekete's transfinite diameter is replaced by the Cm-transfinite diameter (for m = 1 they coincide). It should be noted that Yamaguchi's theorem can also be extended in a different direction (see [18] ).
We shall prove the following THEOREM 2. Let fi C C™ be open and let K: fi -> CompC7" be an analytic set-valued function. If d is the transfinite diameter in Cm, then the function u: fi -► [-00,00) defined by the formula u(z) = (logd(K(z)))* is plurisubharmonic (* stands for the upper semicontinuous regularization). Moreover if'fi is connected, then either K(z) is pluripolar for all z or the set {z G fi: K(z) is pluripolar} is itself pluripolar.
Aupetit [1, 2] has proved the so-called 'Scarcity Theorem' that gives a classification of analytic functions of one variable whose values are finite subsets of the complex plane (see also [10, Theorem 3.11] ). The next two results are higher dimensional extensions of Aupetit's result. Before formulating our theorems, recall that a set K C Cm is said to be unisolvent for polynomials of degree k if the following implication is true: If /: Cm -> C is a polynomial of degree < k and / = 0 on if, then / = 0 in Cn. Then either {z G fi: ord K(z) < 00} is pluripolar or there exists a positive integer p and a pluripolar subset F of fi such that for every z G fi \ F, ord K(z) = p and for every z G F, ordÄ"(2) < p. The next result is due to Slodkowski [15] . We will need the following lemma. where the supremum is taken over all polynomials p such that |p| < 1 on E and degp > 1. It can be shown that (a) T(E) = 0 if and only if E is pluripolar (see [13] ). rm^-J = limoT(Ej) (see [13] ).
(c) There are positive constants A and 8 such that for any compact set E contained in B, n~^2T(E) < d(E) < AT(E)6 (see [8] ).
The properties (b) and (c) imply that if d(K(z)) = 0, u*(z) = u(z) = -co. Combining this with (a) and (c) we obtain the lemma.
In the proof of Theorem 3 we will use the following characterization of unisolvent sets (see [12] ). The mapping z -» (z, <p(fi(z)),..., 4>(fm(z))) is holomorphic, hence v is the supremum of a family of plurisubharmonic functions. Furthermore, as oA : Am -> CompCm is continuous (see e.g. [11] ) the function v is upper semicontinuous and hence plurisubharmonic.
The noncommutative case has to be dealt with separately. If we prove the first statement of Theorem 1 for the joint left spectrum, the result will follow because oA = oLA U oA and oA = oL~, where A is obtained from A by 'reversing' multiplication (i.e. by defining a new product of two elements a and b as 6a). Let Bm = {a G Am : oA(a) ^ 0}. By modifying the proof of Newburgh's Theorem (see e.g. is not pluripolar. As in the proof of the previous theorem we can show that the function Uj(z) = logVmj(if(z)), z e fi, is plurisubharmonic. Lemma 3.2 implies that A -(jj{z G fi: Uj(z) = -co}.
Countable unions of pluripolar sets are pluripolar, and hence there is an integer po such that Up0 = -00. By Lemma 3.2 we have Uk = -00 for all k > po-Hence po can be chosen so that up ^ -00, where p = po -1. Hence tu = tun. Now assume that zn e F. We may proceed as in [10, p. 40] . Take a sequence {zj} C fi \ F such that Zj -> zn. Then H(zq,wq) = 0 if and only if there exists a sequence tu, -> tun with Wj G K(zj). This, in turn, is equivalent to the fact that wq G if (zo), since if is continuous.
